Abstract. The structure of the set of deviations b(q, f ) of meromorphic functions with N (r, f ) = o(T (r, f )) from rational functions is investigated. A sharp estimate for the sum of these quantities is obtained. Also we investigated the structure of the set of deviations b(q, f ) of meromorphic functions from polynomials. We applied the obtained results to the study of strong asymptotic values of meromorphic functions.
Introduction
We will use the standard notations of the Nevanlinna theory of the distribution of values of meromorphic functions: m(r, a, f ), N (r, a, f ), T (r, f ), δ(a, f ) (see [26] and [18] ). Two main theorems of this theory was obtained by Nevanlinna: In 1986 the following extension of the second fundamental theorem for the case of rational functions was shown by Frank and Weissenborn. In the case of meromorphic functions of finite lower order λ = lim inf r→∞ log T (r,f ) log r < ∞, the properties of β(a, f ) are very similar to properties of δ(a, f ). Petrenko obtained a sharp upper estimate for the value β(a, f ) and also some estimates for the sum a∈C β(a, f ).
is a meromorphic function of finite lower order λ, then for all a ∈ C we have
The example of entire Mittag-Leffler function
where Γ(x) is Euler's gamma function, shows that estimates (1.1) and (1.2) are sharp (see [12] ). It should be noted that estimate (1.1) was obtained earlier (see [11] ). In 1932 Paley [27] stated a hypothesis that the above inequality (1.2) holds for entire function f (z) of finite lower order and a = ∞. This statement was proved in 1969 by Govorov [13] . In 1969 Petrenko obtained this estimate in the general case, applying his method based on the new representation of a meromorphic function in a sector. Now this representation is called a Petrenko's formula.
In 1990 Marchenko and Shcherba presented the exact estimate of the sum of deviations for meromorphic functions of finite lower order, therefore it was solved the problem posed by Petrenko in his monograph [29] .
The estimate of the quantity β(a, f ) by Valiron's deficiency
was obtained by Shea (see, for example [29, 9] ).
where
In 1982 Ryzhkov [30] built an example of a function, which shows that the estimate in Theorem G is exact. Theorem G implies that for a meromorphic function with finite lower order
In 1999 Marchenko obtained the estimate of the sum
In 2007 Ciechanowicz and Marchenko studied of deviations of entire functions of finite lower order from rational functions. These results imply the following theorem. For meromorphic functions of infinite lower order the quantity β(a, f ) can be infinite. Therefore, in this case the result of Bergweiler and Bock from 1994 is especially interesting.
Theorem J. [2]
For a meromorphic function of infinite lower order
where T − (r, f ) is the left derivative of the Nevanlinna characteristic function.
Let us notice that rT − (r, f ) = A(r, f ) + O(1), r → ∞, where A(r, f )π is the spherical area, counting multiplicities of the covering, of the image on the Riemann's sphere of the disk {z : |z| ≤ r} under f.
In connection with above theorem, Eremenko in 1997 introduced the quantity
The theorem of Bergweiler and Bock implies that for each a ∈ C : b(a, f ) ≤ π. In 1997 Eremenko received an analogue of the the defect relation for the magnitude of deviation b(a, f ).
For the meromorphic function such that the set {a ∈ C : b(a, f ) > 0} contains more than one point we have
In 1998 Marchenko received a sharp estimate for b(a, f ) by Valiron's deficiency ∆ 1 = ∆(a, f ) and some estimate for the sum of such deviations by Valiron's deficiency
For the meromorphic function with lower order 0.
In 2009 the autors investigated the magnitudes of deviations b(q, f ) of entire functions of lower order λ > 0 from rational functions.
The example of f (z) = z 0 e −t q dt (see [16] p. 78) shows that for an entire function of finite order q ∈ N the estimate from Theorem J is sharp. Let us remind the definitions of asymptotic value of a meromorphic function (see [12] p. 233). The value a ∈ C is called an asymptotic value of a meromorphic function In 2004 Marchenko introduced the strong asymptotic values of a meromorphic function. We say that a ∈ C is an α 0 -strong asymptotic value of a meromorphic function f, if the exists a curve
It is easy to notice that if a is a strong asymptotic value of f then the magnitude of Petrenko's deviation β(a, f ) ≥ α 0 . It means that a is also a defective value in the sense of Petrenko.
Theorem P. [22]
1 Let f (z) be a meromorphic function of finite lower order λ and
In 1907 Denjoy made the following conjecture: if f (z) is an entire function of finite lower order λ, if also a 1 , a 2 , . . . , a p are an entire functions of order less than 1 2 , such that f (z) − a j (z) → 0 for z tending to infinity along the path
. This inequality has been solved for a case of entire functions (a k (z)) of order less than 1 4 by Fenton in 1983 [7] . In the general case the conjecture is still open until now.
If we look at the function f (z) = e z and rational functions a c (z) = c z
, c ∈ C, we can see, that for each c, f (z) − a c (z) → 0 for z tending to infinity along the path Γ : z = −t, 0 ≤ t < +∞. This illustrates the fact, that the number of asymptotic functions can be infinite if the functions considered (a c (z)) are not entire.
In case λ = for the function
The number of those functions is infinite. It is easy to see that these asymptotic functions are not strong asymptotic functions for the function f (z). It would be interesting to consider if Denjoy's hypothesis holds not only for asymptotic functions, but also for strong asymptotic functions of meromorphic functions.
In 2008 
Thus, q(z) is A-strong asymptotic function of a meromorphic function f (z), if the rate of convergence to zero of the difference f (z) − q(z) on asymptotic curve is comparable with the growth of the Ahlfors-Shimizu characteristic (A(r, f ) ). We should say that A(r, f ) = 
Main results
Let M be a set of all rational functions. Let also P be a set of all polynomials.
Then the set Ω = {q ∈ M : b(q, f ) > 0} is at most countable and 
It is easy to notice that if q(z) is a
).
Corollary 2.1. Let f (z) be a meromorphic function of lower order λ, 0 < λ ≤ ∞, let also P d be a set of all polynomials of degree not greater than d. Then the set {q ∈ P d : b(q, f ) > 0} is at most countable and 
Corollary 2.2. Let f (z) be a meromorphic function of lower order λ, 0 < λ ≤ ∞.

Then the number q of A-strong asymptotic polynomials of degree not greater than d is finite and
Auxiliary results
Bergweiler and Bock in [2] introduced a generalization of Polya peaks to functions of infinite lower order. Let us remind the basic construction.
For all sequences M j → ∞, ε j → 0 there exit sequences ρ j → ∞ and µ j → ∞ such that, for all r s fulfilling inequality | log(r/ρ j )| ≤ M j /µ j , we have
We can choose the sequences µ j and M j such that
Let us put
Then the inequality (3.1) is true for all r ∈ [P j , Q j ]. We shall assume that M j > 1.
Let us consider the sets
In [2] it is shown that
Apart from that, it follows from the inequality (19) in [2] that
The following lemmas are the version of the lemma on logarithmic derivative which has been applied in [17] .
Lemma A. [17] Let f (z) be a meromorphic function of infinite lower order. Then for every natural number k we have
T j t j m(r, f (k) /f ) r µ j +1 dr = o    T j t j T (r, f ) r µ j +1 dr    , j → ∞.
Lemma B. [17] Let f (z) be a meromorphic function of infinite lower order. Then for every natural number k we have
.
Also, we need one more fact from the analysis.
Lemma C. [19] Let f (z) be a nondecreasing function on the interval [a, b], and ϕ(x) be a nonnegative function with bounded derivative on the interval
For the case of ϕ(x) = 1 Lemma C is proved in [25] .
Proof of Theorem 1
First we shall prove the statement for meromorphic functions f (z) of infinite lower order and for the case if {q k } are polynomials. Let {p k (z)} m k=1 be distinct polynomials. Let also d = max deg(p k ) and b(p k , f ) > 0, k = 1, 2, . . . , m. Let the number t 0 be chosen in such way that for all |z| > t 0 we have p n (z) = p k (z) (n = k). We put c k,n = min
For j ≥ n 0 we consider the set
where t j , ρ j , T j are sequences from (3.1) and (3.3), and n 0 is chosen in such way that t n 0 > t 0 . Let G j,k be a set consisting of those connected components of G j , which contain a points z 1 , z 2 , . . . , z d+1 such that
In [17] it was shown, that for j ≥ j 0 the sets
We should note here that each
Let us recall the definition and basic properties of Baernstein's function T *
. For a complex number
where |E| is Lebesgue's measure of the set E and N (r, u j,k ) counts the zeros of f
Let us put u j,k (z) for the circular symmetrization of the function u j,k (z) [15] . Let us notice that u j,k (re iϕ ) is a nonnegative, nonincreasing on [0, π] even function of ϕ, equimeasurable for each fixed r, 0 < r < ∞ with u j,k (z), and
What is more, we have
where T (r, u j,k ) is the Nevanlinna characteristic of δ-subharmonic function u j,k (z). Let us put [24] T
Also for each α, 0 < α < π/(2µ j ), r ∈ (t j , T j ), we put [6, 10] 
In [17] (p. 32) the following inequality was obtained
It follows from the definition of function T * 0 (z, f ), (2.1) and (3.5) 
From the lemma on logarithmic derivative (see: [16] , p. 63) and (3.3), we have
Similarly, we have
From the monotonicity of rσ (r) and Lemma C we get
From these inequalities and (3.4) we have
Thus from (4.1) we have
Thus for j → ∞ and all r ∈ [t j , T j ] we have |f (re
. It is clear that
, and
If |f
and |f (re
Thus, 
(r, f ).
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Using (4.5), (4.6) and Lemma B we have that for j ≥ j 0 (ε)
Passing to the limit with α →
Therefore there exists sequence
As ε > 0 was chosen arbitrarily, we have
Thus we obtain the statement for polynomials. Let now {q k (z)} m k=1 be a set of distinct rational functions. Let q k (z) = Let
It is clear that
It is clear that
From (4.7) we have, that for each n ∈ N the set Ω n is finite. Then the set Ω is at most countable. Thus the statement of Theorem 1 for meromorphic functions infinite lower order we get from (4.7). Proof of Theorem 1 for meromorphic functions of finite lower order λ, 0 < λ < ∞, is similar to the given proof, need to use the usual peaks Polya and µ j = λ (see also [24] ).
Proof of Theorem 2
First we shall prove the statement for meromorphic functions f (z) of infinite lower order. As in the proof of Theorem 1 from ( [17] , p. 30) we obtain, that for all r ∈ [t j , T j ] (r, f )).
From the lemma on logarithmic derivative (see: [16] , p. 63)) and (3.3), we have
